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“Quantizations” of isomonodromic Hamiltonian 
Gamier system with two degrees of freedom 
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AHHOTaiJ,HH 

We consruct solutions of analogues of the nonstationary Sclirodinger equation 
corresponding to the polynomial isomonodromic Hamiltonian Gamier system with 
two degrees of freedom. This solutions are obtained from solutions of systems of 
linear ordinary differential equations whose compatibility condition is the Gamier 
system. This solutions upto explicit transform also satisfy the Belavin — Polyakov 
— Zamolodchikov equations with four time variables and two space variables. 
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“KBaHT0BaHH5l” H30M0H0;],p0MH0H BaMHJIBTOHOBOH CHCTeMBI 

PapHBe c flByMH CTeneHHMH cbo 6 o;],bi 
pi,. n. Hobhkob, B. M. CyjieHMaHOB 

AHHOTaiJ,HH 

IIocTpoeHbi pemeHHH anajicroB BpeMeHHbix ypaBHenHit IIIpefliiHrepa, cooTBex- 
CTByiOmHX H30M0H0/I,P0MH0H nOJIHHOMHajIBHOH raMHJIBTOHOBOH CHCTeMB FapHbe C 
flByMH cxeneHHMH CBoGoflbi. Ohh aa^aroxca pemeHHHMH jiHHeliHbix o6biKHOBeHHbix 
flHcJjcJjepeHpHajibHbix ypaBHenHit, ycjiOBHeM coBMecxHocxH Koxopbix aBjiHexca flan- 
Haa CHCxeMa FapHbe. 3 th pemeHHa c noMoipbio aBHbix 3aMeH CBO/iaxca xaKJKe k 
pemeHHaM HexbipexspeMeHHbix, npocxpaHCXBeHHO .i];ByMepHbix ypaBHenHit Bejiann- 
Ha — FIojiaKOBa — 3aMoao.i];HHKOBa. 

KjnoneBbie cjioBa: ypaBHenna ]IIpe,ri;HHrepa, raMHjiBTOHOBocxB, H 30 M 0 H 0 ,ri;p 0 MHbie ^e- 
(JiopMapHH, cHcxeMa FapHbe, ypaBHenna BejiaBHHa — IlojiaKOBa — SaMOJio^HHKOBa, ypaB- 
HeHHa IleHjieBe 


1 BBe^eHHG 

B xeopHH oGbiKHOBeHHbix ^HcJicJiepeHpHajibHbix ypaBHeHHfl (0/I,y) xnna IleHjieBe b no- 
cjie,ri;HHe ro,ri;bi Bbi^ejiHJiacb xeMa cBaaefi MejK,ri;y jiHHeflHbiMH ypaBHennaMH Mexo,ri,a h 30- 
MOHo;];poMHbix ^e(|)opMan,HH (H,ZI,M), Koxopbie coBMecxHbi na sxhx HejiHHeflHbix 0,ZI,y, 
c jiHHeiiHbiMH flHcJicJiepeHpHajibHbiMH ypaBHeHHaMH b nacxHbix npoH3Bo,ri;Hbix KBaHxoBofi 
MexaHHKH H KBaHxoBoii xeopHH nojia HI-IZTI. XpOHOJIOXHHeCKH HepBOH HO 3XOH XBMe 
HBjiaexca, no-BH^HMOMy, cxaxba [1], r^e 6biji ycxaHOBjien cjie,ri;yioiri;HH cJiaKx; 

mecxb KaHOHHHecKHx 0/],y IleHjieBe = fj{t, A, AQ {j = 1,, 6) 3KBHBajieHXHbi 

raMHJIbXOHOBbIM CHCXeMaM 

= = ( 1 ) 

c xaKHMH xaMHjibxoHHaHaMH H = Hj{t, Hxo pemeHHa ypaBHeHHH HAI,M h3 [2H] 

W,, = P{t, A(t), /ip); a;)FF, Wt = A{t, Ap), /i(t); x)IB, 

ycjiOBHeM coBMecxHocxH Koxopbix aBjiaioxca cooxBexcxByron/He CHCxeMbi ([T]) , c noMon/bK) 
HBHbix 3aMeH BH/za = Wexp{S{t,x)) nepeBO^/axca b pemenna ypaBHeHHH 

d 

IIpaBbie HacxH ypaBHenHit (|2]), yace ne coz/epacan/He 3aBHCHMOcxH ox A(i:) h /i(t), npn 
KOHKpexHOM Bbi6ope OHepez/HocxH //eitcxBHit onepaxopoB yMnoacenna na nepeMeHHyio x 
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H ^HcJicjDepeHi^HpoBaHHH no nen aa^aioTcn raMEjitTOHnanaMH H = {j = 1,6) 

raMHJIt.TOHOBt,IX CHCXeM o. A flpyroii BwGop xaKOH onepe^nocxH, nosBOJinex [5] oxn 
mecxB jinneHHBix obojiiophohhbix ypaBnennii CHMBOjinnecKH aanncaxB n Kan ypaBnenna 

d 

Hs KBaHxoBOMexannnecKHx ypaaneHnn LQpe^HHrepa, saBHcnn^nx ox nocxoHHHofl HjianKa 
h = 2nh = —27rie, oBojiropnonnwe ypaBnenna ([3]) nojiynaioxcn b peayjiBxaxe cJ^opMajiBHon 
aaMenw e = 1. /I,ajiee b oxoh cxaxne xanoro copxa ananorn ypaBnenna IIIpeflHHrepa, koxo- 
pwe ne saBncnx ox nocxonnnoH HjianKa, mbi, cjic^yn xepMHHOJiornn, BBe^ennon b paGoxe 
[2], Sy^eM nasBiBaxB “KBaHXOBannnMn” cooxBexcxByron^nx raMHjiBxonoBBix cncxeM. 

3cLM6HcLHH 6 1. “KBanxoBaHHH” (|2]) c £ = 1 Bcxpenaioxcn b aa^anax flH(|)4)y3HH 
[29],j30]. ripn Hccjie^oBaHHH neKoxopnix npoGjieM xeopexHKOBeponxnocxnoro xapaxxepa, 
onncannan cbhsb MOJK^y “KBanxoBanneM” ([2]) 0,ZI,y IleHjieBe n cooxBexcxByron^HMH ypaB- 
nennaMH H/I,M ncnojiBSOBajiacB b 0. Iini H B cepnn nyGjiHKapnn PyManoBa |19| — 122) . 
Ho B pn^e nacxHBix cjiynaeB oxa cb33b oKaawBaexcn nojieanon 0, a, mi , j2H] H flJin 
nocxpoenna pemennH KBaHXOBOMexannnecKHX BpeMennBix ypaBnennH HIpe^Hnrepa (j3|). 
B Koxopwx e = ih. 

Cb33b jiHHeHHBix ypaBHeHHH H/],M c ypaBHennaMH KBanxoBon xeopnn nojin Gnuia 
BBMBjiena b jB]. B sxofi cxaxne noKaaano, nxo coBMecxHBie ypaBnenna H/I,M 


m 

2=1 


A. 


X — t, 


■$, 


= 


A,; 


X - ti 


-$ 


(4) 


fljin pemennii chcxom Hljieannrepa b Maxpnpax Aj paanepa 2x2 (cncxeMw LQjieanHrepa 


dAj [Aj,Aj,'] 


dti 


ti ti 


j , 


dti 


[Aj, Aj] 






to tj 


{ij = l,m), 


(5) 


6bijih oxKpBixBi |31) HMenno b KanecxBe ycjioBnn cobmccxhocxh dl])) aaMenon 

m 

^ = T{ti,...,tm)^ ((Inr)i. =AjAi/{ti-tj)), 


nepeBo;];Hxc3 b cncxeMy (Aj= — det A*, A^o — nocxoannwe, Aqo — nocxoannan Maxpnpa) 




_ ^ - 

^ j . XX 

X - ti 




_A^ 

{x - tif 


, - ti)%^ = ( ^ Ai - Ao, - Aoo) = -K. 


Hpn ycjiOBHH ^naronajiBHOcxH MaxpnpBi A^o 3 xh ypaBnennH coBna^aiox j6] c npocxpan- 
cxBenno o^noMepnwMH ypannenHHMH Bejiannna — HojiHKOBa — SaMOJio^nnKOBa (BHB) 
|32) , |33] MnnHMajiBnoH Mo^ejin ^ByMepnon KBanxoBon xeopnn nojiH c KoncJiopMnoH rpyn- 
noii cnMMexpnii, ^jih Koxopwx penxpajiBnwn aapn^ ajireGpw Bnpacopo, panen 1. B npn- 
jioJKennn B cxaxnn [6] xannce ynaaano, nxo xa nee r-cJiynKpnH n coBMecxnwe pemennH $ 
jinnennBix OA^ dll) aa^aiox 2x2 Maxpnpw 


M{xi,X 2 ) =T^ ^{xi)^{x 2 ) {xi = x, X 2 =y), (6) 
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yflOBJieTBOpHIOmHe HeXBipeM JIHHefiHBIM ^HcJicJiepeHpHajIBHBIM ypaBHeHHHM B HaCTHBIX 
npoHSBo^HBix c ^HcJicJiepeHpHpoBaHHHMH yjKB no ^ByM npocTpancTBeHHBiM neaaBHCHMBiM 
nepeMennwM Xi, X2- HpocTon aaMenon (cm. BTopoil paa^eji nacTonmeii cTaxBn) oxn nexw- 
pe CKajinpHBix ypaBnenna CBO^nxcn k npocxpancxBenno ^ByMepnwM ypaBnennaM BITS. 

OopMyjia dnj) (no ee noBo^y cm. xannce saMeny (2.3.36) ns [3l]) noa^nee nocjiyjKHjia 
ocnoBOH nocxpoennn b j5] coBMecxnwx pemennn ’’KBanxoBannn” 



( 7 ) 


onpe^ejineMBix xaMHjiBxonnanaMn Ht^{ti,t2,qi,q2,Pi,P2) raMHjiBxonoBwx chcxcm 




Koxopwe npcflcxaBjiniox co6oh naoMono^poMnwe BBicmne anajiorn nepBoro n Bxoporo 
0/],y rienjiCBe: oxn pemennn OBOjnopnonnwx ypannennii ([7]) nepea coBMecxnwe pemennn 
cooxBexcxByiom;HX jinnennBix ypaBnennn H/I,M BBipancaioxcn (|)opMyjiOH xnna (16|) . 

EcxecxBennwM BBirjin^nx Bonpoc: Moncno jih xaxHM oGpaaoM oGpaaoM cxponxB pe- 
mennn (jT]) ^Jin ^pyrnx naoMono^^poMntix raMHjmxonoBBix cncxeM c ^ByMn cxenennMH 
cboGo^bi? B nacxonm;eH cxaxne cnpaBe^jiHBocxB nojiojKnxejmnoro oxBexa na nero ^e- 
Moncxpnpyexcn ^jin nojinnoMnajinnon raMHjmxonoBon cncxeMW Bapnne, Koxopan Gnuia 
BBe^ena b paccMoxpenne b p5] , n Koxopan c noMom;Bio nBnwx npeo6paaoBanHH |35] -1371 
CBOflHxcn K ^aBno naBecxnoil naoMono^poMnon cncxeMe Bapnne |28) . 

SaMenaHHe 2. CnncoK [M] —110] naBecxnwx na cero^nn raMHjmxonoBBix cncxeM 
c ^ByMn cxenennMH cboGo^bi, k KoxopwM npnMennM H^M, c yBepennocxBio nojinniM 
cnnxaxB nejinan. Ho xopomo naBecxno, nxo cncxeMa FapnBe BoarjiaBjinex pejiyio nepap- 
xHio xaKHx cncxeM — onn na cncxeMw FapnBe nojiynaioxcn |37).|4n) npope^ypon nocjie- 
flOBaxejiBHoro BBiponc^eHnn. C noMom;Bio ^annoH npope^ypBi npnBO^^HMBie nnace koh- 
cxpynpnn, Beponxno, Moryx 6bixb pacmnpenBi n na bck) axy nepapxmo (cncxeMBi na 
nBjinioxcn ^ByMn nnamnMH njienaMH ^annoH nepapxnn). 

B CBOHX nocxpoennnx mbi 6yfleM cymecxBenno onnpaxBcn na ynoMnnyxBie peayjiBxaxBi 
|0]. Hx nanoncenne n yxonnenne CBnan axnx peayjiBxaxoB c npocxpancxaenno ^ByMepnBi- 
MH ypaBHennnMH BHS nponano^nxcn b nanajie cjieflyK)m;ero paa^ejia cxaxBH. /(ajiee b 
paa^ejie 2 noxaaBiBaexcn, nxo b cjiynae nexBipex BpeMen ^annBie ypaBneHnn BHS okbh- 
BajienxHBi cobmocxhoh cncxeMe sBOjnopnoHHBix ypaBnennH, ^Ba na KoxopBix ecxB “xBan- 
xoBannn” BH^a ([7]) raMHjiBxonoBon naoMono^^poMHon cncxeMBi FapnBe c ^ByMn cxenennMH 
CBo6oflBi B (JiopMe, BBinncannoH Okhmoxo b |36| (nnjKe ona naawBaexcn cncxeMon Fapnne 
— OnaMoxo (FO)). 3xa cncxeMa cBnaana |36) . |41) c nacxnwM cjiynaeM cncxeMBi o c ne- 
XBipBMn BpeMenaMH (m = 4). O^naKO, nan no^nepKHBaexcn b aaKjnonnxejiBnoM nynnxe 
2.5 paa^ejia 2 npe^cxaBjineMon cxaxBn, cBe^enne Bcex pemennii ynoMnnyxon cncxeMBi 
FO c ^ByMn cxenennMH cboGo^bi k pemennnM cncxeMaM FQjieannrepa c nexBipBMn tm 
B nBHOM BH^e flo cnx nop ne 6 bijio onncano (o cjiojkhocxh h xohkocxh Bonpoca CBnan 
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MejK^y cHcxeMaMH LQjiesHHrepa h FapHte, na Koxopyio yKaat-iBajioct. eipe caMHM FapHte 
021, MOJKHO cocxaBHxt. npeflcxaBjicHHe no paa^ejiaM 5.3 n 5.4 oGaopa |43)F Meac^y xcm, 
BO BxopoM H xpexBOM pas^ojiax namen paGoxw pemenna obojiiophohhbix ypaBHennS (j7|). 
onpe^ejineMBix o6n];eH cncxeMon FO, cxponxcn b xepMnnax pemennH jinnefinBix O^Y ()4|). 
K03(|)(|)Hn,HeHXBi Koxopbix aa^aHBi HMenno BceBosMoxcHBiMH pemennaMH oGmen cncxeMbi 
FQjieannrepa ([5]) c nexwpBMn t^- 

K nocjie;];HHM jko, kbk noKaaano nnace b paa^ejie 3, CBO^nxcn Bce pemennH nojinno- 
MnajiBnoH cncxeMW Fapnne c ^ByMH cxenenmnn cboGo^bi. B sxom paa^ejie bbibo^hhxch 
xaKJKe (|)opMyjia fl46p . cBH3biBaK)m;aH cncxeMw FO n nojinnoMnajmnBie cncxeMw Fapnne 
fljiH flOBOJiBno mnpoKoro Kjiacca cjiynaeB. Ho, nan npo^eMoncxpnponano b Konpe paa^ejia 
3, o^noanannoro cooxBexcxBHH Menc^y pemennHMH sxnx ^Byx cncxeM ^annan npocxan 
4)opMyjia BO Bcex cjiynanx ne ^aex. 

Saxo c HcnojiBaoBanneM ee KBanxoBoro anajiora — aaMenw fl56p b aaKjnonnxejmnoM 
paa^ejie 4 cxaxnn noKaawBaexcH, nxo napa ypaBnennn ((Tj), onpe^ejineMBix o6m;eH cncxe- 
MOH FO, oKBHBajienxna coBMecxnon nape “KBanxoBannn” ([7P, aa^anaeMon raMHjiBxonna- 
naMH o6m;eH nojinnoMnajinnon cncxeMBi Fapnne. H, xanmn oGpaaoM, pemennn sxnx “xBan- 
xoBannn” BBinncBiBaioxcH b xepMnnax coBMecxnwx pemennn cncxeM jinnennbix O^ZPY, 
K03(|)(j3nn,nenxBi Koxopwx aa^aioxcH nan paa BceBoaMoncnniMn pemennHMn cooxBexcxBy- 
K)m;eH nojinnoMnajinnon cncxeMW Fapnne. 

2 CncTeMbi IIIjiesHHrepa, npocTpancTBenHO /i,ByMep- 
Hbie ypaBHGHHH BejiaBHHa—IlojiiiKOBa—3aMOjio^HH- 
KOBa H “KBaHTOBaHHa” CHCTeMbi FapHbe — OKaMOTO 

2.1. Bxopyio rpynny b cncxeMe ypaBnennn FQjieannrepa ([5]) aaMennex ycjiOBne nocxo- 
HncxBa no ti,... ,tm Maxpnpti Hi + ... + = A^o- Bea (|)aKxnnecKoro orpannnennn 

o6m;nocxn 2x2 cncxeMw FQjieannrepa paccMaxpnnajincB b j6] b npe^nojioncennn, nxo 
nx pemennn Bi xanoBBi, nxo; tiBi = 0, det = —Aj = —Of/4 (nocxonnnwe 4z6i/2 ecxB 
co6cxBennBie nncjia Bi), detHoo = — Aqo, a Maxpnpa B^o nMeex o^nn na ^nyx nn^oB: 



( 8 ) 



( 9 ) 


2.2. B nynKxe BI npnjioncennn V[6] BBinncana cncxeMa nexwpex ypaBnennn 
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E 


1 1 
+ 


y-ti x-y 


K = Kv 


E 


A, 


{y - ti) 




Y, + Ml + Ml = 0, i.Af' + xMl + yMl = (A„ - Aj) A/, 

pemeHHeM Koxopbix aBjiHexcH Maxpnpa (jH]). Peayjitxax >Ke Y { t , x , y ) saMenbi 


™ f)- ft- 

M = {x-y)\\[{x-ti){y-ti)]^^>‘^eyi^S{t)Y {St, = ^ E (t- 

y^oBjiexBopjiex npocxpancxBeHHo flByMepHOH cncxeMe BITS (cm. cncxcMy (10) h3 
™ V V ^ ^ V V — V a 

E-V = ^- + ^^+EA-y- E-V = ^» + -^^—^+E-\y'. 

“ X — ti X — y ^ X — ti ^ y — ti X — y ^ y — U ^ 

( 10 ) 


YK + K+y;,^o, Y.^tYi+xy:+yY; = \Y^{A^-{i+Y,^?)y- ( h ) 

2 = 1 2=1 2=1 

2.3. PemeHH3 Bi chcxcmbi LQjiesHHrepa ([5]) h 3 nynKxa 2.1 c^BHxaMH 


Q^ = 


,?2iW Qkit)) 


= + ^ P •> 

2 \o 1 


( 12 ) 


nepcBo^Hxca b xaKiie pemeHHH Qi sxofl ace chcxcmbi, hxo 

(i) CoOcXBCHHBie BHaHCHKH MaxpHIl, Qi { t ) CCXB HyjIB H nOCXOHHHaa 6 i . 
npeo6pa30BaHHe Z = $ npH 3XOM pemeHHJi $ chcxcm (|1]) c MaxpnpaMH 

Ai = Bi nepcBo^ax b pemeHHH Z 3xhx jkc chcxcm, ho ynce c MaxpnpaMH Ai = Qi . 

/I,ajiee paccMaxpHBaioxcH 3 xh pemeHHH Qi ypaBHCHHil IIIjieBHHrepa ([5]) b cjiynae ne- 
xBipex ti c nocjieflyioni;eH cJiKKcapHefi nepeMCHHBix Q h t ^ 


Q = 1, t4 = 0. 


(13) 


3cLM6BcIHH 6 3. 3xa (jDHKcapHH oO ttt hocxh paccMoxpcHHH no cyxH He orpaHHHHBaex. 
/I,eHcxBHxejiBHo, coBMecxHBie pemeHHH (fc = 1,..., 4) ypaBHeHHH ([5]) c He3aBHCHMBiMH 
nepeMeHHBiMH ti h ^2 h cJiHKcapHeH (fT^ mojkho paccMaxpHBaxB khk HanajiBHBie ^annwe 
fljiH ypaBHeHHH m c He3aBHCHMOH HepeMeHHOH ^3 npH ^3 = 1. PemeHHe HanajiBHOH Ba^ann 
fljiH ypaBHeHHH LQjieBHHxepa (jSj) c HeBaBHCHMofi nepeMeHHoii t ^ h 3xhmh HanajiBHBiMH 
^aHHBiMH MOJKHO, B CBOK) OHepe^B, paccMaxpHBaxB B KanecxBe HanajiBHBix ^aHHwx npn 
^4 = 0 fljiH cHcxeMBi ypaBHeHHH ([5]) c He3aBHCHMOH HepeMeHHOH ti- PemeHHe nee 3xoh 
HanajiBHOH Ba^ann Oy^ex coBMecxHWM pemenneM Bcex ypaBHeHHH ([S]). 

(ii) B npe^HOJiojKeHHH, hxo pemeHHH Bi cHcxeMw IIIjieBHHrepa ([5]) h 3 npe^^Bi^ymero 
pa3flejia onpe^ejiaiox nocxoHHHyio Maxpnpy B^o BH^a ([8]), cnpaBe^jiHBo cooxHomenne 


2=1 


X 0 \ 

0 X + 000 — ly 


(14) 
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r^e 000 = fcoo + 1 OT U He aaBHCHx ii x = + ^oo - !)• 

IlycTb eme 3 th pemeHHH Qi(t) cHcxeMbi IIIjiesHHrepa y^oBjiexBopniox ycjioBHHM: 
(iii) 3jieMeHx qi2(x,t) MaxpHpBi 


Q(x,t) = 


Qni^yt) qi 2 (x,t) 
Q 2 i(x,t) q 22 (x,t) 


Qi 

^ x-t/ 


i=l 


OHeBH^HO, paBHBIH BeJIHHHHe 

X(t)x^ + ai(t)x + a 2 (t) _ + « 2 (^) 


012 ( 2 :, t) = 


T{x,t) 




XaKOB, HXO (JiyHKpHH X{t) = Ylt=l^i^l2 GCXB XOJK^eCXBeHHBIH HyjiB; 

(iv) Bce HyjiH x(t) = Xj(t) 3xoro 3JieMeHxa qi2{x,t) npocxBie. 

Ha npe^nojiojKeHHH (ii) — (iv) cjie^yex [36] (cm. xaKJKe paa^eji 6.2 khhxh jll]), hxo: 
a) qi 2 {x,t) HMeex ^Ba npocxBix nyjiH h aa^aexcH cJiopMyjiofl 


^ = X(t)^ = 


i=l 


X-ti 


T{x,t) 


T{x,t) 


(15) 


b) KOMHOHeHxa z{x,t) = Zi{x,t) jiioGoro BeKxopa-pemeHHH Z = {zi,Z 2 ) nepBofi h 3 
CHcxeM O^y (jl]) c MaxpnpaMH Ai{t) = Qi{t) y^oBjiexBopjiex jiHHeHHOMy 0/I,y 


z” = 


" 0,: - 1 ' 




K 


2 2 

E tiiti — l)Ki Afc(Afc — l)fik N 

'rf nr — nr — tA ' ^ —t — n\f ^ \ \ ’ 


Afc'~^ ^a;(a;-l) x{x - l){x - U) ^^x{x - l){x - Xk) 


(16) 

(17) 


i=l i=l ^ * 

CoBMecxHocxB cHcxeM ypaBHeHHH (jH) oaHanaex, hxo napa^y c ypaBHenneM ffT6|) kom- 
HOHeHxa z{x,t) y^oBjiexBopjiex xaKHce 3BOJHon,HOHHBiM ypaBHennaM nepBoro nopa^Ka 

z'ti = Ci{x,t)z'^ + Ji{x,t)z = Si{t)j 2 —z^ + Ji(x, t)z {i = l,2). (18) 


{x - ti)A{x,t)' 


B cBoio OHepe^B, aaMena 


z{x, t) = P[(a; - - Ai(t))^/^(a; - X 2 it)Y^‘^v{x, t) 


2 = 1 

3X0 pemeHHe z{x,t) ypaBHeHHH (fT6]) h (fT5]) nepeno^Hx b pemeHHe cHcxeMBi 


{x — ly ' x(x — 1 ) ' ^''{x — tiy ' x{x—l){x — ti) 


E 


+ 


Pj{t) 


^^4:{x — Xj{t)Y x{x — l){x — Xj{t)) 


)]2: {{cY'u = 0), 
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< = Ci{x, t)v'^ + {-{Ci{x, t))'j2 + 7 i(t))w. 

A, 3HaHHT |22], |2S], ycjioBHe coBMecTHocxH O^y fll6p c ypaBHenneM nepBoro nopa^xa 
ffTS]) ecTB coBMecTHBie Me>K 7 ,y co6oh raMHjiBxoHOBBi cHcxeMBi c 7;ByM5i cxeneHHMH cboGo^bi 

dKj duk dKj 

m- = -W 

r7;e A, ecxB onncaHHBie BBime nyjiH 3jieMeHxa qi 2 {x, t), HMnyjiBCBi fii 3a7;aioxcH cjDopMyjiaMH 
m, a xaMHjiBxoHHaHBi Ki 4)opMyjiaMH — CHMBOJi KpoHeKepa) 



^2, Ai, A 2 , /il, /i2; ^1, O 21 ^3) ^4; — 

Mi ^ ^ + 

; Afc — tm Afe — i Afc 

fe=l m=l 




Afc(Afc — 1) 


( 20 ) 


(Ai — ti){X2 — ti) 


Mi = , 

{ti - ti+i){ti - l)ti 


k,i _ (Afc - tt+i)(Afc - l)Afc 


= 


Afc Afc_|_i 

ypaBHeHH3 ffT^ H npe 7 ,cxaBjiaiox co6oh H30MOH07;poMHyio raMHjiBxoHOBy cncxeMy TO c 
7;ByMH cxeneHHMH cbo6o7;bi BU , gg. 

3cLM6HcIHH 6 4. Ha caMOM 7 ,ejie b |36] h b mi ycjioBHe (iii) jibho ne ccJiopMyjiH- 
poBano. Saxo xaM HaKjia7;BiBaK)xc5i 7 ;onojiHHxejiBHbie orpaHHHeHna na cooxBexcxByiomHe 
MaxpHpBi Qi. B HacxHocxH, b Hanajie pa37,ejia 6.2 jH] npHBe 7 ,eHo cjie^yiomee orpaHH^e- 
HHe: 

(v) co 6 cxBeHHBie BHaHennH MaxpHu, Qi ne ecxB pejiBie nncjia. 

2.4. HpH m=4 H 4)HKcan,HH (1T51) ypaBHennH fllOp oKBHBajienxHBi cncxeMaM 

w. i.x - ti){y - ti){x - t 2 ){x - l)x ^ 

ti[ti - “-y—y- [^xx+ 


y-x 


A 


y// ^1 O 2 + I 6*3 + 1 ^ 6*4+1 _ 

^^x — ti X —12 x — 1 X a;(a; — 1) 




{x - ti){y - ti){y - t 2 ){y - l)y , y/^ ^ ^2 + 1 ^ ^3 + 1 ^ ^4 + 1^ A 


y-x 


yy y y-ti y-t 2 y-l y y{y-^) 


yi 


^ -'t 2 ){y - t 2 ){x - h){x - i)x^ 

12+2 - i-)[t 2 - tij +2 “-y—y- [^xx+ 


( 21 ) 


K'(7±1 + + 


y-x 

03 + 1 04+1 


' X — ti X — t2 X—1 


+ 


)- 


A 




{x - t 2 ){y - t 2 ){y -ti){y- l)y ^ y,^ 0i + 1 ^ 


X x{x — 1) 

02 03 + 1 04 + 1 


y-x 


)-■ 


A 


yy ^ y-h y-t 2 y-l y 2/(1/ - 1 ) 




( 22 ) 

7,OnOJIHeHHBIX ypaBHeHHHMH m- ypaBHCHHa >Ke ([2]), ([2]) ecxB “KBanxoBaHHa” raMHjiBxo- 
HOBOH CHCxeMBi BO flByx nepcMeHHBix ffToP : BBH 7 ,y onepaxopHBix cooxHomeHHH 


d d , 

-x-x— = 1, 
ox ox 


d d , 

-^y-y^r = ^ 

oy oy 



































npH noflxoflameM Bt,i6ope nopa^KOB ^eficTBHH onepaxopoB ^HcJicJiepeHpHpoBaHHH no ne- 
peMeHHBiM x,y n yMnoncenna na MHoronjienBi othx nepeMennwx ^annBie OBOjnopnonnBie 
ypaBHenna CHMBOJinnecKH mojkho npeflcxaBHTB b bh^c (e: = 1) 

dY d d 

e— = Ki{ti,t2,x,y,-e—,-e—-,61,62,63,eA,K)Y {i = l,2), (23) 

r^e Ki(ti,t2, Xi, X2, yi, ^^2] 61,62,63,64, k) ecxB raMHjiBxonnaHBi (|2]) oxon raMHjiBxonoBon 
CHCXeMBI. 

3cLM6HcLHH 6 5. ripn nonxoyH TTT eM BBiGope nopn^KOB flencxBnn oxnx onepaxopoB 
ypaBHeHHH o. o MOJKHO xaKJKe npe^cxaBHXB kbk “KBanxcBanna” Bn^a lEa (£ = 1) 


dY d d 

£— = Ki{ti,t 2 , X, y, -e—, -e—] 61 , 62 , 63 , 64 , k)Y 


dti 


dx' dy' 


(!= 1 , 2 ) 


raMHjiBxoHOBBix cHcxeM rO dH]), Koxopwe BMecxo nocxonHHBix 6k, (k=l,4) n k aaBHcnx 
ox jiioGbix ;];pyrHX nocxonnnBix 6k{k = 1,4) n k. B nacxnocxn, ^jin Bcex raMHjiBxonnanoB 
o ypaBHenna 0,0 MOJKHO CHMBOJinnecKH aanncaxB n b bh^o (e = 1) 


d d 

eYt. = Ki{ti, t 2 , X, y, e—, ; 61 , 62 , 63 , 64 , k)Y {i = 1,2). 


2.5. Bnime npHBeflena KoncxpyKpnn, Koxopan nosBOJinex jibho BwnncaxB coBMecxnwe 
pemenna obojiiophohhbix ypaBnennH ([2]),([2]) b xepMnnax coBMecxnwx pemennH jinnen- 
HBix cHcxeM O^y (jl]) fljin m = 4. KoocJicJiHpHeHXBi nee nocjie^nnx aa^aioxcn mhojkccxbom 
pemennii nejinnefinBix chcxom LQjieannrepa ([S]). To eexn, HMeexen o^Hoanannoe cooxbox- 
cxBHe 3XHX coBMeexHBix pemeHHH OBOjnopnoHHBix ypaBnennH ([2]) , ([2]) ^annoMy MHOJKecxBy. 
riooxoMy B03HHKaex ecxecxBennoe ncejianne BBipaanxB 9 x 0 mhojkooxbo pemennH cncxeMw 
LQjieannrepa nepea pemennn raMHjiBxonoBon cncxeMw TO fll9p c xemn nee neaaBHCHMBiMH 
nepeMeHHBiMH ti,t 2 - O^^naxo Bonpoc o cooxHomennH Menyri;y cncxeMaMH LQjieannrepa n 
Tapnne ne xax npoex. He coBceM xohhbi, nanpnMep, BBicKaaniBaeMBie nnor^a yxBepnc^e- 
nnn o xom, nxo b cxaxne OxaMoxo |36] onneana OKBHBajienxnocxB Menc^y oxhmh cncxe- 
MaMH. /lance b cjiynae ^Byx cxenenen cboGo^bi cncxeMw TO, axo b |36] c^ejiano jinmn 
npn cnpaBe^JiHBOcxn ^jia pemennii Bi cncxeMW Hljieannrepa paBencxBa (|H]) c nenyjie- 
bbimh nocxoHHHBiMH fcoo H APyrHX npe^nojioJKeHHH. B nacxnocxn, b 9xoh cxaxne 

ne noKaaano, nxo Bce BoaMonenwe pemennn cncxeMBi TO c ^ByMn cxenenmnn cboGo^bi 
CB o^Hxcn K pemennnM cncxeM Hljieannrepa paaMepa 2x2. /I,o cnx nop b hbhom Bn^e 
9X0, BooGipe, HHr^e ne Gbijio ne c^ejiano. B cjie^yiomeM paa^ejie noKaaBiBaexcn Kax x 
pemennHM cncxeM Hljieannrepa paaMepa 2x2 6ea bchxhx ^onojinnxejiBHBix npe^nojio- 
ncennii Moryx 6 bixb CBe^enw oGipne pemennn nojinnoMnajiBHon raMnjiBXOHOBon cncxeMW 
TapHBe c flByMH cxenennMn cbo6o^bi. Bo mhoxom axox paa^eji ocnoBan na peayjiBxaxax 
ne^aBHHx pa6ox |3B], |4U) . Ho b nynxxax 3.3—3.5 najiaraioxcn n ^obojibho cymecxBennnie 
flonojinennH x 9xhm peayjiBxaxaM. 
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3 IlojiHHOMHajibHaH CHCTeMa FapHbe 

3.1 IIojiHHOMHajibHyio cHcxeMy FapHte cocxaBjiHioT coBMecxHtie raMHjibxoHOBBi cncxeMbi 




C XaMHJIbXOHHaHaMH 


- iHcar,ti)pp {Pj)'u - -{HcarMyqj 

HGar,U H Hcar,U+i, nepBblH H3 KOXOpbIX Sa^aeXCH (JiOpMyjIOH 


(24) 


- l)HGar,ti = qMi - l)(?i - ti)pl + [(6'° + 6'*'+! + l)qi{qi - 1)- 

(20- + 01 + 00 + + 0*“+i + l)qMi - ti) + O^yqi - l){q^ - + 0')g*+ 

{2qiPi + qi+iPi+i - 0^ - 2e'^)qiqi+ipi+i - - — \ — [ti{ti - l){piqi + 9^^)piqi+i- 

^2+1 

U{ti+i - l){2piqi + 0*')pi+igi+i + - l)qi{p‘^^^qi+i + 0**+i(pi+i - Pi))], (25) 

a Bxopoii nojiynaexcH h3 (]3]) 3aMeHOH ti ■(-)■ ^ 2 , 0i ^ q 2 , Pi ^ P 2 - B sxhx raMHjiBxo- 
HHanax 0°, 0i, 0*i, 6^^, 0“, 0“ ecxB nocxoHHHBie, KoxopBie cB5i3aHBi xax Ha3biBaeMBiM 
cooxHomeHHeM OyKca (cooxBexcxByiomHM BBinncbiBaeMOH Hnace cncxeMe H^M fl36|) ) 


00 + 0i + 0*1 + 0*2 + 0- + 0- = 0. (26) 

riepBaH H3 raMHjibxoHOBbix cHcxeM fl24j) npe^cxaBjiHex co6oh cncxeMy 0/I,y 

ti{ti - l)(gi)(, = 2piqi[{qi - l){qi - ti) - , ^\ i+i] + 2pi+igigi+i[g* + 

^i+1 F+1 

(0i + 20^)g2 _ (1 + 00 + + 0**+i)gi + (1 + 0i + 20“ + 0O + e^*+^)tiqi + ti9^^+ 

[t,+i0*i+igi-t,0*^g,+i], (27) 


fj- Z)ii4-i „ j- 


^2 ^2+1 

2i(2i - l)(gi+i)(^ = 2pjgigi+i[gi + —ll] + 2pi+igjgj+i[gj+i - 


^2+1 


ti t. 


i+l 


(0i + 20^)gigi+i - - --— [ti+i{ti - l)0*i+igi - 2i(ti+i - l)0*'gi+i], (28) 

ti ^2+1 

2 i(2i-l)(pi)' = -P-[392^-2(2^+ l)g» + ti- ^\ i+i]-2pi+ipiqi+i[2qi + ^''^^'^^ 


ti ^2+1 


t 


i ^2+1 


P^+i92+i[92+i-^ ^ + Pi [ 2 { 9 ^ + 20“)gj + (1 + 0O + 0** + 0**+i)- 


^2 t. 


■2+1 


(1 + 0i + 202“ + 00 + 0*^+1 )2i - 

^2 ~ 2j_|_l 

p.+i[(9‘ + 29r)<(.+i + - 9~(()~ + fli), 


- 1)(p2+i)L =Piq: 


ti t 


ti ^2+1 

2pi+ipiqi[qi + 


(29) 


/ 2 ^ 2(^2 ^) o r I ^ii.^i+1 ^)i 


2 ‘'2+1 


ti ^2+1 
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Pi+iQi^^qi+i . . 

^i+1 

a BTopaH cHcxeMy O^Y 


-]+Pi- 


ti ti+1 


+ Pi+i[(^ +26*“)gi 


ti ^i+1 


, (30) 


ti+i{ti+i - l)(gi)ii+i = ‘^PiQiQi+ih + + 2pi+igigi+i[gi+i - 


^i+1 


ti t. 


i+l 


{e^ + 26'^)gigi+i - ---— [ti+i{ti - l)9^*+^qi - - l)6'*'gi+i], 

^2 + 1 


(31) 


2pi+iqi+i[{qi+i - l){qi+i - U+i) + 


ti ^2+1 

q^]-{e^ + 2er)qU,- 


^2 + l(^2+l 1) _ -| OZD00^^2 


^2 ^2+1 

(1 + + {i + e^ + 26^ + e^ + 

(^2+1 1) r, /it,:_Li „ . nti 


ti t. 


i+l 


■[ti++^+^qi - t+^qi+i], 


(32) 


ti+i{ti+i - l){pi)+ = -plqi+i[2qi + - 2pi+ipiqi+i[qi+i - ^*+^*'^* 


ti ^2+1 


^2 ^2+1 


2 ^fi+i(^i+i 1) „ r/'pi I opoo'i I ti+i{ti l)6'**+i 6'**+Yi+i(2j+i 1) , , 

Pj+iQ'i+i—7- - - rPi[{tf +26^2 7-7- \~Pi+i -7-7-5 (33j 


ti ^i+1 


ti t. 


i+l 


ti+i{ti+i - l){pi+i)' = -pjq+i + - 2pi+ipiqi[2qi+i - 


ti ^2+1 
^2+1 (^2 1) 1 


Pi++(li+i — ‘^Qi+iiU+i + 1) + tj+i + 


ti ^i+1 
^i+l(^i+l 1) 


ti ^i+1 


?i]+P*[(^ +20^)q'i — 


ti ^i+1 

Pi+1 [2(0^ + 202°°)gi+i + (1 + 0° + 0*^ + 0*^+1) - (1 + + 202^ + + 0*O^i+i + 

0^(0^+ 0i). 

3.2 IIpH ^onojiHHxejiBHOM npe^nojiojKeHHH 

0“ ^ 0“ 


t^(tj+i - 1)01^ 
ti ^i+1 

2i(2i+i - 1)01* 


] + 


ti 2j_|_i 


(34) 


(35) 


o^HOBpeMeHHaa cnpaBe^jiHBocxB raMHjiBxonoBBix cncxeM fl2^ , corjiacno [10] ecxB ycjioBHe 
coBMecxHocxH cHcxeM jiHHeHHBix O^Y IIIjiesHHrepa 


dZ ^5o , 5i , St, , St, \ ^ dZ St, ^ dZ St, 


+ 


+ 


+ 


dx \ X X — 1 X — ti X — t 2 J ’ dti X — ti ’ dt 2 X — t 2 

S^ecB S'o, 5*1, H St, ecxB MaxpnpBi, Koxoptie aa^aioxcH (|)opMyjiaMH 


Z. (36) 


1 0 

0 u , 


-1 


= r “1 p-^+p 


I i ° 1 (e=o,i,ti,t2), 

0 u, 


(37) 
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[ 9 ° 

1 

+ 

1^9 

+ r) 


/ 

0 ^ + 0“ - piqi - P202 

1 \ 

Ao = 


«2 

Ai — 


{Piqi+P 2 q 2 - 0r)x 

Piqi +P 2 q 2 - 9^^ 


0 

/ 


yx 

(0^ + 0“ - Pigi - P2q2) 


0^* + PiQi 


Ati =1 U 

+ Piqi) -Piqi 


P = 


1 O' 
1 /’ 


(38) 

(39) 


Qoo_aoo 


4)yHKn,H5i 

a = {PiQi +P2q2 - 0'^){piqi + P2q2 - 0^ - 29^) - tipi{9^^ + PiQi) - ^ 2 ^ 2 ( 6 **" +^ 2 ^ 2 ) (40) 

ecTt. 3jieMeHT “21” MaTpHn,t,i 

'-9^-9^-9^^-9^^-9^ 0 


Aoo — —^0 — Ai — Au — A^ — 


OT 


a 4)yHKn;H3 u = u{ti,t2) — coBMecxHoe pemeHne ^Byx flH4)(|)epeHii,HajiBHL.ix ypaBHennH 
1 du 

ti{ti - 1 )-— = qi{2pi{ti - qi) + 9^ + 20“} - 2qiPi+iqi+i + ti9^^ {i = 1 , 2 ). (41) 

Xopomo BH^HO, HTO CoOcTBeHHBie HHCJia y KaJK^OH H3 MaxpHI], A^ paBHBI 0 H 0^. A HX 
cyMMa c ynexoM cooxHomeHne OyKca fl26p aa^aexca 4)opMyjioH 


Aoo ■— —Aq — Ai — At^ — At^ — 


0 ^ 0 
a 02 “ 


(42) 


(43) 


Ilocjie npeoGpaaoBaHHH fl37p mbi nojiynaeM pemeHna 

Qi = ‘S'ii, Q 2 = St2, Qs = Si, Qi = Sq 

ypaBHeHHH IIIjiesHHrepa ([5]) npn m = 4 c cJ^HKcapHeli ffT^ h nocxoaHHBiMH 
01=0^1, 02=0*% 03 = 0\ 04 = 0°. 

Hx cyMMa aa^aex nocxoHHHyio Maxpnpy 

( ^00 Q 

* 

0 0 ^ 

Ee paBCHcxBo Maxpnpe (IT^ osHanaex, hxo b |40) paaGnpaioxca jihiub pemeHHH chcxcmbi 
III jiesHHrepa, KoxopBie saMenaMH m nepcBo^axcH b mhojkccxbo pemeHHH sxhx chcxcm, 
oxBeHaroipHx cjiynaio (jS]) MaxpnpBi B^o c oxjihhhoh ox nyjiH nocxoHHHofi k^o = 0“ — 0“. 


12 





3.3 ripH 


(44) 




e 


oo 

2 


npeo6pa30BaHHe 

c 4)yHKn,HeH g 2 i, y^oBjieTBopjnomeii coBMecxHofi nape cooTHomennH 



S,= 



(^ 21)4 - ^ 21^4 = -PiiO^’^ + PkQk) {k = i,i + 1), 


MaTpnpBi ([3]) nepeBo^HT b pemenna fl4^ ypaBHennS LQjiesHHrepa ([5]), cyMMa Koxopnix 
HMeex BHfl JKopflanoBOH KjiexKn: 

SflecB u ecxB nocxonnnan, Koxopan (JiopMyjion a{ti,t 2 ) = i^u{ti,t 2 ) aa^aex coBMecxnoe 
pemenne ypaBHennS 0411) nepea (JiyHKpHio (14n|) . Ilpn sxom coGcxaennwe ananenna Max- 
pnn, Si — no npencneMy 0 n nocxonnnnie 6i. Ilocjie nepeoGoananennn fl43|) mbi nojiynnM 
pemenHH fl42j) cncxeM LQjieannrepa ([5]) npn m = 4 n (|)HKcan,HH ffT3|) . cyMMa Koxopwx c 
ynexoM c^BnroB OT^ aa^aexcn b xonnocxn (JiopMyjion 


B 


CO — 



B cjiynae a 7 ^ 0 Moncno nojioJKHXB i/ = 1 n nojiynnxB cjiynan axnx pemennn c nop- 
MHpoBKoii (|9]). Ecjin nee a = 0 (mbi ne ocxanaBjiHBaeMcn na Bonpoce o coBMecxnocxn 
3X0X0 paBencxBa c nojinnoMnajiBnon cncxeMon FapnBe, nocKOjiBKy on 7i;ji3 ocnoBnwx pe- 
jien namen cxaxBH ne npnnpHnnajien), xo, nojioJKHB i/ = 0, nojiynnM cooxBexcxByipne 
pemennn cncxeMBi LQjieannrepa, pepypnpyiomencn k cjiynaio meexoro 0,ZI,y IlenjieBe: 
CM. HpnjiojKenne k axon cxaxBe. 

3.4 riojinnoMnajiBnan xaMnjiBxonoBa cncxeMa Lapnne fl24j) Gnuia nepnonanajinno bbi- 
nneana b |35]. TaM ona c noMoipnio nanoro npeoGpaaoBannn BBiaepena na cncxeMBi LO 
fll9p . (1^ . ripn 3XOM KaK nocxonnnBie, xan n nepeMennBie xaMnjiBxonoBBix cncxeM LO na 
pa6ox |35) n |38|.|4U) oxjinnaioxcn. H. Sakai b j3B] ynaaBiBaex, nxo pemennn sxnx cncxeM 
LO CBnaanBi npeo6paaoBanneM BsKjiynpa, ne npnnopn, opnano, ero nnno. 

Mbi JKe co CBoeii cxoponBi oxMenaeM apecB, nxo npn ycjiOBnn cnpanepjinBocxn nepa- 
BencxBa 03 5 p n ponojinnxejiBnnix orpannnennn (iii),(iv) pemennn nojinnoMnajinnon cn¬ 
cxeMBi FapnBe 024p n pemennn cncxeMBi FO 019p . (1^ canaanBi npocxBiMn cJiopMyjiaMn: 


+ A 2 


^i + ^2 ~ (1 + ^ 2 )?! ~ (1 + tl)Q2 

I-qi-q2 


A 1 A 2 


tit2 — ^2?! ~ tiq2 
l-qi-q 2 


(1 — ^2)(Ai — ti)(A2 — ti) _ (1 ~ ^l)(Al — t2)(A2 — ^ 2 ) 

(^I — ^2)(Ai — 1)(A2 — 1) ’ ^ (^1 ~ ^2)(Ai — 1)(A2 — 1) 


(45) 

(46) 
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/leiicTBHTejibHo, nocHHxaB sjieMenx “12” b Maxpni^e K03(|)4)Hn,HeHX0B 

^0 ^1 Al ^t2 

X X — 1 X — ti x — ^ 2 ’ 


(47) 


nOJiyHHM, HXO OH paBOH 

{1 — qi — q2)x^ + [—— ^2 + ^ 2(1 + ^ 1 ) + ?i(l + ^ 2 )]^ + tit2 — qit2 — q' 2^1 

x{x — l)(a; — ti)[x — ^ 2 ) 


(48) 


riooxoMy paBBHcxBa fl 45 |) , fl 46 |) cjie^yiox h 3 (|)opMyjiBi ffT 5 |) h h 3 xoro (|)aKxa, hxo npeoGpa- 
30 BaHHe ho^oGhh fl 37 p c MaxpnpeH fl 5 ^ ojieMenx “ 12 ” MaxpHu; ne MeHHex. 

/I,H 4 ) 4 )epeHii,HpoBaHHeM b CHjiy chcxcm ( 124 )) h ffl^ - ([ 2 ]) mojkho npoBepnxb, hxo npn 

3 XOM CnpaBe^JIHBBI COOXHOmeHHH 

6**1 _ (Ai — 1)(A2 “ 1 ) / (-^1 ~ ~ ^2)/^! — (A2 — 1)(A2 — ^2)A''2 _ 

^ (li (^1 “ 1)(^2 — 1) v Ai — A2 

fjOj. . 

(0il + 0*2 + 0l + 00 ^ ^ 2 \ 

A 1 A 2 / 

6**2 _ (Ai — 1)(A2 “ 1) / (-^1 ~ ~ ~ (-^2 — 1)(A2 — 61)0-2 _ 

^ (I2 (61 — 1)(62 ~ 1) \ Ai — A2 

flOj. . 

^ Qt2 + 0l + 00 ^ ^ 1 \ 

A1A2/ 

3.5 OflHaKo 3X0 name 3aMeHaHHe Bonpoc 06 H^enxHcjDHKapHH cHcxeMBi TO flT^ . () 2 |) c 

nOJIHHOMHajIBHOH CHCXeMOH FapHBe ( 124 )) H 3 pa6oX | 2 B], 110 ], OHHCaHHOH B 3 XOM pa 30 ,ejie, 
nojiHocxBio, KOHeHHo, He pemaex. 

Bo 3 BMeM, HanpHMep, xaKyio pe^ynpHio nojiHHOMHajiBHOH cHcxeMBi FapHBe () 241 ) 


qi + gi+i = 1, (49) 

fljiH Koxopoil (JiopMyjiBi (1451) xepjHox cmbicji. B cjiynae 

0“ = 0“ + 1 (50) 

xaKaH pe0;yKH,H5i cymecxByex. B chmom ^ejie, cjioHceHHe ypaBHeHHli ([3]) h ([3]) ^aex coox- 
HomeHHe 


ti{ti - l){qi + qi+i)[. = {qi + qi+i - l)[2piqi{qi - ti) + 2pi+iqi+iqi - (6*^ + 26*“)^* - 6,6***] + 

(1 + + 20“ + 0° + 0** + 0**+*)(6i - l)gi, (51) 

Koxopoe B npe^HOJiojKeHHH cnpaBe^jiHBocxH (149)) Bjienex 3 a co6oh xojK^ecxBo 

(1 + 0^ + 20“ + 0° + 0*“ + 0*“+i) = 0 (52) 
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(peflyKn,HH g* = 0, = 1 cHcxeMa fl2^ ne Bt-i^epjKHBaeT hh npn KaKHx anaHeHHHx 6^). 

PaBencTBa ace (150]) h fl52|) c ynexoM cooxHomeHHH OyKca fl26|) paBHocHJiBHBi. 

IlpaBBie HacxH ypaBHennH (E]) h ([3] ) coBna^aiox. IIosxoMy h 3 paBencxBa (H9|) cjie^yex 
xaKJKe xojK^ecxBo ti(ti — l){qi)[. + = 0, osHanaiomee, hxo (JiyHKpHH 

qi ox CBOHX apryMenxoB saBHCHx cjie^yiomHM oGpaaoM 

qi{ti,ti+i) = qi{u), u = (53) 

IlpH BBinojiHeHHH paBeHcxB H fl5n|l peayjiBxaxBi cjiojKeHHH ypaBHeHHH ([3]) c ypaB- 
HenneM (j3]) h ypaBHeHHH ([3]) c ypaBHenneM ([3]) coBna^aiox Meac^y co6oh: 

ti{ti — = ti[ti — — 1) . 

H, cxajio 6 bixb, paanocxB pi — pj+i xaxjKe aaBHcnx .ttm ttt b ox nesaBHCMofl nepeMennoH uj: 

P(ti, U+i) =pi(ti,U+i) - pi+i(ti,ti+i) = P{u:). (54) 

B cHJiy fl53l) H (1541) ypaBHenne ([3]) h paanocxB ypaBHeHHH ([3]) c ypaBHenneM ([3]) npHHHMaiox 

npH 3XOM BHfl raMHJIBXOHOBOH CHCXCMBI 

Qi = H'p{u,Q,P), Pi = -H'p{uj,Q,P), (55) 

r^e Q = qi{u}), a raMHjiBxoHHan H HMeex bh^ 

H = —^-—{P^Q{Q - i)(Q-uj)-P[{ei + 2eT)Q{Q - 1) Pooe^^iQ - 1 ) + (a; - l)0*'+iQ] + 

UJyUJ — i) 

0T{0T + 0^)Q}. 

3a HCKjiioHeHHeM BBipojK^enHBix pemeHHH sxofi raMHjiBxoHOBofi cncxeMBi c Q{u:) = const 
H Q{u!) = oj (cymecxByiomHX npn ^onojiHHxejiBHBix orpaHKHennax na nocxoaHHBie 0^), 
nocjie HCKjiioHeHHH h3 fl55|) HMnyjiBca P{u:) Koop^nnaxa Q{(jj) y^oBjiexBopaex oGipeMy 
cjiynaio mecxoro 0/I,y IleHjieBe — raMHjiBxoHHan H coBna^aex c H3BecxHBiM |13] nojin- 
HOMHajiBHbiM raMHjiBxoHHanoM fljiH 9X0X0 O^y. riocjie HaxojKfleHHa (Q(a;), P(a;)) onpe- 
^ejieHHe Pi h pj+i cbo^^hxch k pemeHHio coBMecxHBix Mexc^y co6oh ypaBHennH PHKKaxH. 

IlpH pe^yKpHH (14^ H3 BH^a fj48|) sjieMenxa “12” MaxpnpBi fl47j) bh^ho, hxo npe^nojio- 
jKeHHe (iii) npe^Bi^ymero paB^ejia o pemenHHx cooxBexcxByiomHx chcxom ]IIjie3HHrepa ne 
BBinojiHeno (paBencxBo fl5Up . 3aMexHM, npoxHBopoHHx xaKxce orpaHKHennio (v) h 3 |41) . 
npopHXHpoBaHHOMy B KOHpe pa3flejia 3). H, 3HaHHx, BBimeonHcaHHBie KoncxpyKpHH h3 
Bg, lu CBe^eHHa Bcex pemeHHH cHcxeM PO k cncxeMaM ]IIjie3HHrepa ne onncBiBaiox, 
^axce ecjiH Maxpnpa Poo flJiH nocjie^HHx HMeex bh^ ([8]) c /coo 7^ 0. 
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4 “KBaHTOBaHHa” nojiHHOMHajiBHoft CHCTeMbi FapHbe 


KBaHTOBMH anajior cJiopMyjiBi cb33h fl46p — saMena 


c = 


(1 - t 2 ){x - ti){y - ti) 
{h - t 2 ){x - l){y - 1) ' 


T] = 


(1 - ti){x - t2){y - ts) 

(ti -t 2 ){x -l){y- 1) 


H jiBHaH aaMena 


(56) 

(57) 


y = (xyrix - !)«(!, - ifV, 

r^e a H /9 y^oBjieTBopaioT paBencTBaM 

0 '(o' + 84 ) =0, A = 2al3 + (^3 + 1)q! + {84 + l)/3 + /3(/? + 8 ^) + {84 -\- 82 -\- {3), 


pemeHHH KBaHTOBannH 


nepeBo^HT b coBMecxHBie pemeHna ypaBnennH 


^i(^i — — [C^ “ (^1 + i)C^ + tiC 


- i)Cv 


tl — to 




2 , 2ti(t2 - , r> 2 ^2(^1 - 1)C^ 


[^Cv + 


— ^2 


-K + [(8^ - 


tl — t2 


]K«+ 


[—(^3 “1“ 2/? — 1)C^ “1“ ^iC(^2 + ^3 + ^4 + 2tt + 2/3) — C(^i + ^2 3“ ^4 3“ 2a + 2) + 

(j(«j + 1) - (9l + l)tl(tl-l)7 ^ (Jh+Ppf2PP^y,^ 


tl — to 


tl — to 


|-(«3 + 2/? - l)Ci; + W + _ (»2 + l)i2(ii - l)C jy,^ 

tl — t2 tl — t2 

[/3(/3 + 03)(^ + (tl — l)6'ia 3- ti6'i/3]y, 

hih — 1)^2 = [■'t^ “ (^2 + 3--7^^]Kr;+ 


(58) 


tl — t2 

2. 2t2(ti - , r a 2 , tl(t2-l)C?/ 


[2r/^C - 


tl - to 


if: + [vc + 


tl — to 


n+ 


[—{83 3“ 2/3 — 1)'^^ 3“ t 2 Tj{ 8 \ 3“ ^3 3“ ^4 3“ 2a -f 2/3) — xj{ 8 i 3- ^2 3- ^4 3- 2a 3- 2) + 

+1) + (<^2 + mh - i)c _ (»! + i)ti(t2 - 


tl — to 


tl — to 


|_(93 + 2/1 - l)Cr, - - 1)^ + (9. + l)ti(t 2 -l)./ j 

tl — t2 tl — t2 

[/ 3(/3 + 03)77 + (t2 - 1)020 + t 202 / 3 ]V'. 

3a cnex onepaxopnbix cooxHomeHHfl 

a d _ d _ 

dC^ ^dC ’ 

3XH ypaBHeHHH CHMBOJIHHeCKH MOJKHO SanHCaXb KaK “KBaHXOBaHHH” (e = 1 ) 

dV d d 

e-^ = Ha„,,.(h,t 2 ,(;,ri, -e-gx, » = 1.2, 


(59) 


(60) 


(61) 
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onpe^ejiHeMbie raMHjibxoHHaHaMH (|3]) nojiHHOMHajibHOH cHcxeMM FapHte. 

SaMenaHHeG. 3a CHex cooxHomeHHH ypaBHeHHH » ,([1]) MOJKHO aanncaxt. h b 
BH^e (e = 1) 

dV d d 

= HGar,ti{ti,t2,C,V,£-^,£-^)V i = 1,2. (62) 

TaKHM oGpasoM, saMenbi (136]) . fl57p h KOHcxpyKpHH pas^ejioB 2 h 3 ^aiox pemeHna 
“KBaHxoBaHHll” fl6T]) nojiHHOMHajiBHoii cHcxeMBi FapHBe fl2^ . 3 xh pemennH hbhbim o6pa- 
30M BBinHcaHBi Hepes pemeHna coBMecxHBix ypaBHennH H/I,M (|1]) c (JiHKcapHeH ffT^ . Flpn 
3XOM KOScjDcJiHpHeHXBI 3XHX ypaBHeHHH H/I,M O^HOanaHHO BBipaXCaiOXCH (xaKJKe jibhbim 
o6pa30M) Hepe3 MHoacecxBo coBMecxHBix pemennH cncxeM 0241) . 

npHJio:a<;eHHe Cjiynaii = 0. 


1. PaccMoxpHM cjiynafi cncxeMBi ypaBHeHHH 


4)^ = 7l(x)$ = 


Ai A 


+ 


+ 


A:i 


+ 


^4 




A, 


X - ti 




X — ti X — t2 X — X — ti 

c y4i + yl 2 + ^3 + yl 4 = Aoo = 0. B cHjiy nocjie^Hero paBencxBa 

^_ Pix"^ + P 2 X + P 3 _ 

{x - ti){x - t2)ix - ts){x - ti)' 

Bee coBMecxHBie pemeHHH 3xoro cjiynan cHcxeMBi (|1]), y^oBjiexBopHH cooxHomeHHHM 


HMeiox BHfl $ = F{r,t,^), r^e 

X — ti t2 — ti ^ ti — ti t2 — ti t2 — ti 

x-h' t2-t2,' ti-t^' t2-h' t2-h' 

a cjDyHKpHH F ecxB coBMeexHoe pemenne cHcxeMBi ypaBHeHHH 

= f^iM + AM. + AMy\F, F, = (- AM + AM)f,f, = Q((,t)F. 

\ r r — 1 r — t / V r — t ^ — t / 

Flocjie KajiHGpoBOHHoro npeo6pa30BaHHH F = g{^,t)L c xaKofi MaxpHpeil g{^,t), hxo 
9s. = QQj nojiynaeM cHcxeMy 




blit) ^ hit) ^ bsjt) \ 


Lt 


hit) 

r — t 


L, 


KoxopoH y^oBjiexBopnex Maxpnpa L = L{r,t), yace ne BaBHCHmaa ox H3BecxHo [471 
4)opMyjiBi (13), (14), (36) §2], jUl xjiaBbi 17 h 18], [HI paB^eji 3], hxo ycjioBHe cobmocx- 
HoexH 3XOH cHcxeMBi cBo^^HxcH K HiecxoMy 0,ZI,y IleHjieBe. 
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B cjiynae A^o = 0 xaKJKe Aqo = 0, h k ypaBHeHHHM (fTTj) ^oGaBjiHeTca eme o^ho, 
KOTopoe coBMecTHo c HHMH H c ypaBHeHHJiMH (fTn|l : 

m m ^ 

^ ~y) ^ 2^2 + dzH + ^^4^4 + a; + y)Y 

i=l i=l 

3to ypaBHenne npaMo cjie^yeT h 3 cHcxeMBi (jlj). IIpH m = 4 coBMecxHoe pemeHne sxhx 
ypaBHeHHH HMeex bh^ Y = a{t^^)G{r, s,t), r^e 

y — ti t 2 — ti 
s = - : -. 

y — h h — h 

Ha (JiopMyjiBi ([6]) necjiojKHo saKjiioHHXB, hxo M = r(t, .^)F(s, t, t, 3xox cJiaKx 

corjiacyexcH c npe^nojiojKeHHeM o xom, hxo BBimeynoMaHyxoe KOJinGpoBonnoe npeoGpaao- 
Banne F = g{^,t)L aa^aexcH MaxpnpeH g{^,t) = npn C = 1 HMeeM paBencxBo 

M = T{t, ^)L{s, t)~^L{r, t). Ho ^jia yxoHHenHH Bonpoca o cnpaBe^jiHBocxH oxoro npe^no- 
JIOJKeHHH HyjKHO HCXO^HXB H3 HOCXaHOBKH 3aflaHH PHMaHa - FHJIBGepxa H ee CBe^eHHH K 
HHxerpajiBHBiM ypaBHenHHM. Ho Bceii bh^hmocxh, cjDopMyjiBi Ope^rojiBMa ^aiox HMenno 
xaKoii oxBex. 

PaGoxa na^ cxaxBeii Bxoporo h 3 aBxopoB BBinojiHena npn no^epxcKe PH® (rpanx 
14-01-00171). 
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